Abstract-A new decision-directed (DD) synchronization scheme is proposed for joint estimation of carrier frequency offset (CFO) and sampling clock frequency offset (SFO) in orthogonal frequency-division multiplexing (OFDM) systems. By exploiting the hard decisions, we report accurate estimators of residual CFO and small SFO. The performance analysis and simulation results indicate that the proposed novel DD scheme achieves much better performance than the conventional pilot-based schemes in both additive white Gaussian noise and frequency-selective channels.
I. INTRODUCTION
T HE orthogonal frequency-division multiplexing (OFDM) system is well fit for high-speed transmissions in highly frequency-selective (F-S) channels. However, OFDM is sensitive to synchronization errors. Numerous papers [1] - [4] deal with coarse frame (timing) and carrier frequency offset (CFO) synchronization, and most of them [2] - [4] proposed estimators before the fast Fourier transform (FFT). However, after coarse synchronization, there might still be a residual CFO and a sampling clock frequency offset (SFO), which will introduce time and subcarrier varying phase rotations [5] , [6] and FFT window shift.
To remove the effect of CFO and SFO, some authors proposed pilot-based post-FFT synchronizers [7] - [10] . Although the estimator [7] appears to work under general channel conditions, no analytical result has been reported to assess its unbiasedness in F-S channels. Also, the alternative estimator [11] appears to be biased in F-S channels. In this letter, we propose a new decision-directed (DD) post-FFT CFO and SFO synchronization scheme without relying on pilots. It is shown that the proposed CFO and SFO estimators are (approximately) unbiased in both additive white Gaussian noise (AWGN) as well as F-S channels. Analytical closed-form expressions of the mean-square error (MSE) of the proposed estimators are also reported for AWGN channels. 
II. SIGNAL MODELS
The transmitted complex baseband OFDM signal can be described by (1) where denotes the complex data modulated on the subcarrier frequency of the OFDM symbol with the unit variance, is a rectangular pulse with unit amplitude during , and is the length of cyclic prefix. A discrete-time implementation (with the sampling period ) of is generated by means of an -point inverse fast Fourier transform (IFFT). In addition, is chosen to be less than to avoid spectrum aliasing. Therefore, the symbol period is , which corresponds to samples. The received signal sampled with the period , in the presence of CFO , timing offset and small SFO , is given by (2) where present the samples of channel. We assume that the channel presents normalized power , and its maximum delay spread is less than . In addition, denotes complex AWGN with variance . The average signal-to-noise ratio (SNR) for data subcarriers is defined as . After the coarse timing estimation, is used by the FFT window controller. Therefore, the FFT window can be assumed to start from the intersymbol interference (ISI)-free area . To reduce possible intercarrier interference (ICI), a coarse CFO estimate is used by the frequency-corrector block. The channel is assumed to be constant during an OFDM symbol duration, and its Fourier transform is given by , . The output of the -point FFT block can be expressed as , where . Taking into account the small SFO and residual CFO [6] , the symbol of the -point FFT block takes the expression (3) where has the same characteristic as and . In the approximate expression (3), the ICI caused by small CFO and SFO can be omitted, since its power is very small compared with the additive noise power [5] , [6] . The effect of slow drifts of the FFT window caused by small SFO is not shown in (3).
Some phase-compensation techniques, e.g., [12] , can be used to remove the phase rotation (3), and such techniques are popular in short packet transmission systems. However, the window shift caused by the small SFO , can be very large, enough to introduce intolerable ISI in long packet-based transmissions systems. For example, multiband-OFDM proposal [13] can have up to 1000 symbols per packet, and the window shift caused by a 40 ppm SFO can be up to six samples. Thus, to remove both phase rotation and window shift, we need to estimate and . Similar to [6] , we take the conjugate product of two consecutive OFDM symbols (4) where , denotes the conjugate operation, and we assume .
III. DATA-AIDED ESTIMATOR
A post-FFT data-aided (DA) CFO and SFO estimator was proposed in [7] and [8] ( 5) where , denotes the first and the second half of pilots ( -ary phase-shift keying (MPSK) modulated), respectively, which are assumed symmetrically and uniformly distributed around DC . It is easy to prove that estimators (5) are unbiased in the presence of AWGN and flat-fading channels. In [8] , the MSE of (5) in AWGN channels are reported (6) respectively, where stands for the number of pilots per symbol. To reduce synchronization overhead, we may use a reduced number of pilots. However, it will degrade the performance in (6) . Furthermore, the pilot-based approach may be not possible in noncoherent systems since there is no pilot available.
In fact, the above estimator is not the optimal one. We find that the CFO estimator [14] for single-carrier systems can be easily modified to estimate SFO in OFDM systems and presents slightly better performance (not reported here due to space limitations). However, due to the high complexity of estimator in [14] , we will focus on estimators similar to (5) hereafter.
IV. PROPOSED SYNCHRONIZATION SCHEME

A. DD Estimator
In this paper, we propose a DD scheme to replace the conventional DA scheme (7) where (8) and , denote the first and second half of data subcarriers, respectively. For coherent systems, data decisions are available right after the coarse synchronization and channel estimation. For noncoherent systems, we can use data decisions right after coarse synchronization.
To obtain reliable , we may use the outer channel decoder output to reconstruct the complex . However, such an approach requires more memory and arithmetic operations. Furthermore, the decoding and interleaver delay will degrade the tracking performance [16, 
pp. 239)].
A simpler way is to use the hard data decisions. In highly F-S channels, the data decisions in spectral nulls might be unreliable. However, these decision errors have small contribution on the final estimate since are very small (4), and their effects are averaged out in (7) and (8) . The decision directed synchronizer is plotted in Fig. 1 .
In Appendix A, we show that the MSE of the proposed estimator in AWGN channels is given by (9) which are much smaller than (5). Due to channel fading effects, as shown by the computer simulations in Fig. 2 , the MSE performance in F-S channels is slightly worse than (9). In Appendix B, we have also shown that estimators (7) are approximately unbiased in F-S channels for small . A similar proof can be carried out for the estimator (5) using some slight modifications. As we will show later in simulations, the above one-shot estimation may be not accurate enough for correction. As shown in Fig. 2 , averaging over 10 symbols can greatly decrease the MSE in AWGN channels. Unfortunately, in F-S channels, an error floor is found for large SFO , which can be explained that (5) and (7) are not unbiased anymore for large SFO.
B. Closed-Loop Scheme
The above results suggest that we use a closed-loop synchronization scheme. The one-shot estimates are postprocessed by the following first-order tracking loop filters: (10) Symbol by symbol, the above loop filters update the control parameters of number-controlled oscillators in the interpolator and frequency corrector, and the residual frequency errors gradually converge to smaller values.
After convergence, the estimators exhibit small fluctuations about the stable equilibrium points. Based on a linearized equivalent model [15] , we can derive the tracking performance as follows (11) where is the power spectral density (PSD) of loop noise (derived in Appendix A) (12) and is the closed-loop transfer function given by (13) Substituting (12)- (13) into (11), we can easily find the MSE of closed-loop DD estimators (14) Similarly, we obtain the MSE of closed-loop DA estimators in [7] and [8] (15)
V. COMPUTER SIMULATIONS
In our simulations, we assume an OFDM system similar to [13] with subcarriers and guard interval of 32. There are 10 pilot subcarriers inserted into 120 quaternary phase-shift keying (QPSK) data-modulated subcarriers in the DA scheme, while no pilot is inserted in the DD scheme. We assume a 12-path F-S channel with exponentially decaying power profile and the root-mean square delay spread is 1.25 . A rate-3/4 (punctured from 1/2) convolutional encoder with generator polynomial (133 171) and a block interleaver (16 15) are used in the system. The simulation results are obtained using 2000 Monte Carlo trials for each SNR value. The SFO and CFO are assumed equal to 40 ppm and 0.6%, respectively. For simplicity, we assume the channel static during the whole packet (150 symbols), and the first two symbols are used for one-shot DA channel estimation. Due to space limitations, the simulation results provided below are mainly for SFO estimation.
From [17] , the modified Cramer-Rao bound (MCRB) for SFO estimation in AWGN channels is given by (16) where is the equivalent number of symbols . In the loop filters, we use and for both DD and DA schemes. The closed-loop tracking performance of the DD scheme in Fig. 3 , which is much closer to the MCRB than the conventional DA scheme, corroborates the closed-loop analysis result presented in Section IV. At low SNRs, the simulation results for the DD scheme deviate from the analysis results, a fact which is due to error propagations. However, error propagations are hardly found for SNRs larger than 12 dB. In Fig. 4 , we plot the bit-error rate (BER) performance for different systems. The BER performance of the system using the DD scheme with loop filter is very close to that of the ideal system which assumes perfect synchronization. However, 0.7 dB performance degradation will be introduced if the loop filter is not used. Compared with the DD scheme with the same loop filter, the DA scheme presents 0.5 dB performance degradation.
VI. CONCLUSIONS
This letter has introduced a new DD post-FFT joint estimator for the CFO and SFO in OFDM systems. By performance analysis and computer simulations, we prove that our new scheme exhibits much better performance, compared with the conventional DA scheme in both AWGN and F-S channels. Since we save the pilots for synchronization, the throughput of the system is also increased. With very little additional hardware, this new synchronization scheme can be implemented in many wireless OFDM systems.
APPENDIX A PERFORMANCE ANALYSIS IN AWGN CHANNELS
For simplicity, MPSK modulation is assumed in the following analysis. In AWGN channels, assuming correct decisions and substituting (3) into (8) , one can find (17) where , and the products of two noise terms are negligible. From (7), denoting and making use of (if ), we obtain (18) where and denote the real and imaginary parts of , respectively. Substituting (17) into (8) 1 The accuracy of approximation depends on the value of . For large , the approximation is not accurate anymore and the unbiasedness of (7) can not be shown along this line of proof.
and rewrite as (29)
Similarly, we can make the following approximation:
Substituting (29)- (30) into (7), it is easy to find that (7) is approximately unbiased for slow-fading F-S channels.
